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Abstract
Modified gravity theories are of great interest in both observational and theoretical studies.
In this article we study the correlation between the null geodesics in the background of a four-
dimensional Einstein-Maxwell-Gauss-Bonnet AdS black hole, a modification of Einstein gravity,
and it’s thermodynamic phase transition. We study the phase structure of the black hole, using the
coexistence and spinodal curves, to understand the phase transition in a extended phase space. The
imprints of this phase transition features are observed in the behaviour of photon orbit radius and
minimum impact parameter with respect to the Hawking temperature and pressure. The change
in these two quantities during the phase transition serve as order parameter which characterises
the critical behaviour. The correlation shows that thermodynamic phase transition can be studied
by observing the effects of strong gravitational field and vice versa.
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I. INTRODUCTION
The existence of black hole singularity is one of the most fundamental question in physics.
The Penrose cosmic censorship hypothesis asserts that the spacetime singularities need to be
hidden from an observer at infinity by an event horizon, which blocks all of the information
within it [1, 2]. Generally all the electrovacuum solutions of classical general relativity are
consistent with this conjecture. However, the conjecture does not restrain us from consider-
ing black hole spacetimes which are free from singularity, within classical general relativity.
In this context, recently proposed theory of four dimensional Gauss-Bonnet gravity is quite
interesting one [3]. It was demonstrated that for a positive Gauss-Bonnet coupling param-
eter α, the static and spherically symmetric solution of the theory is free from the much
debated singularity problem. The theory is captivating for other reasons too, for exam-
ple, the obtained black hole solution appears in the setting of the gravity with a conformal
anomaly [4, 5], and also in the context of quantum corrections [6, 7]. However, the black hole
solution in four dimensional Gauss-Bonnet theory is attractive, as it is a modified theory of
classical gravity, and hence is on an equal footing with general relativity. These captivating
features of this novel theory resulted in a surge of various investigations around this theory,
including the theoretical aspects, viability of the solution and physical properties [8–36].
It is well known that black holes are not merely strong gravity systems, but also a thermal
systems. Particularly, the establishment of laws of black hole thermodynamics has made the
phase transition of these compact objects appealing in every sense [37, 38]. In recent times,
anti-de Sitter black hole thermodynamics have gained more interest, as the identification
of cosmological constant as the thermodynamic variable pressure, leads to the modification
in first law, which has a conventional PdV term [39, 40]. In this extended phase space,
AdS black holes exhibit variety of phase transition features, of which, the van der Waals like
transition is of great interest [41–43]. As in the case of a conventional van der Waals fluid, the
black hole shows a first order phase transition between two phases, namely, the large black
hole phase and the small black hole phase. The authors have studied the thermodynamics
of the four dimensional Gauss-Bonnet AdS black hole for both the charged and uncharged
cases [44], and it was observed that a vdW like phase transition exists. Having said so, as
the black hole is a gravitational and also a thermal system, it is quite natural to seek a
connection between the effects of strong gravity and phase transition.
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It is customary to seek the details of a gravitating object, especially a compact object
with strong gravity, by observing the characteristic features of a test particle moving along
the geodesics around it. For a particle moving in the vicinity of a black hole, the black hole
features are expected to be encoded in the behaviour of the particle motion. These notions
are exploited in connecting the unseen attributes of black hole to observational aspects, for
example, black hole shadow and quasinormal modes [45, 46]. Along with this, the phase
transition signature of a charged AdS black hole can be obtained using the quasinormal mode
(QNM) studies [47]. It was reported that during the van der Waals like phase transition of
the black hole, the slope of the quasinormal mode changes drastically, which is an observable
phenomenon.
These initial findings motivated to investigate a more concrete relationship between the
gravitational and phase transition features of the AdS black holes using the null geodesics
[48, 49]. By studying the photon orbits in the background of a charged AdS black hole,
the phase transition properties are observed from the behaviour of radius rps and minimum
impact parameter ups of the circular orbit. The behaviour of rps and ups with the Hawking
temperature T and pressure P , mimics the isobar and isotherms found in thermodynamics
counterpart. Below the critical values, the first order phase transition is reflected by these
orbital parameters. During the phase transition, these two parameters change by a finite
amount, which serves as order parameters to characterise the black hole phase transition,
with a critical exponent 1/2. Originally, this was observed in a charged AdS black holes
[48], this correlation between gravity and thermodynamics, via photon orbits, can be seen
in different black hole spacetimes, namely, Kerr-AdS [49], Born-Infeld AdS background [50],
regular AdS black holes [51], massive gravity [52], Born-Infeld-dilaton black hole [53], five-
dimensional Gauss-Bonnet black holes [54] etc. Related studies in other contexts have also
appeared in subsequent works [55–57]. In this article we seek a similar correlation for the
novel four-dimensional Gauss-Bonnet AdS black hole.
The article is organised as follows. In the next section (II) we briefly present the 4D Gauss-
Bonnet AdS black hole solution and it’s thermodynamics. In section III we investigate the
phase transition features of the black hole, wherein, the phase structure is probed using the
coexistence and metastable curves. This is followed by section IV, where we consider the
null geodesics on the equatorial plane, and hence obtain the photon orbit radius rps and
minimum impact parameter ups. In section V, we study the critical behaviour of rps and
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ups, where the order parameters are presented. Finally, we conclude the paper in section VI.
II. 4D GAUSS-BONNET ADS BLACK HOLE: METRIC AND THERMODYNAM-
ICS
In this section we briefly present the black hole metric and it’s thermodynamics. The D-
dimensional Einstein-Maxwell-Gauss-Bonnet theory with a negative cosmological constant
Λ is described by the action [12],
I = 1
16pi
∫
dDx
√−g [R + 2Λ + αG − F abFab] , (1)
where g is the determinant of the metric gab, Fab = ∂aAb− ∂bAa, is the Maxwell field tensor
and α is the Gauss-Bonnet coupling coefficient. The Gauss Bonnet term is given by,
G = R2 − 4RabRab +RabcdRabcd, (2)
where R is the Ricci scalar, Rab is the Ricci tensor, Rabcd is the Riemann tensor. The
cosmological constant is related to the AdS radius l as,
Λ = −(D − 1)(D − 2)
2l2
. (3)
In four dimensions the Gauss-Bonnet term does not contribute to the dynamics of the system,
as the integral over that term is a topological invariant. However, recently a genuine four
dimensional Einstein-Gauss-Bonnet gravity was obtained by scaling α as [3],
α→ α
D − 4 , (4)
and then taking the limit D → 4. The spherically symmetric solution for the action (1) is,
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2D−2. (5)
In the limit D → 4 the metric function has the form,
f(r) = 1 +
r2
2α
(
1−
√
1 + 4α
(
− 1
l2
+
2M
r3
− Q
2
r4
))
, (6)
where M is the ADM mass and Q is the total charge of the black hole. The validity of the
theory from which we obtained the above static spherically symmetric solution has been
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scrutinised in detail in several propositions [27, 33–35, 58–60]. However, these does not rule
out the possibility of having a spherically symmetric solution as it can be obtained from
consistent formulations [13, 17, 32, 61, 62]. Therefore we approach the solution (5) as a self-
reliant one. Interestingly, this solution also appears in the context of a conformal anomaly
gravity [4, 5].
The horizon of the black hole (r+) is defined by the condition f(r+) = 0. Using this
condition we obtain the mass of the black hole to be,
M =
r3+
2l2
+
Q2
2r+
+
α
2r+
+
r+
2
. (7)
We present the thermodynamics of the black hole in an extended phase space, where the
cosmological constant (Λ) is treated as the thermodynamic pressure (P ), and they are
related as P = − Λ
8pi
. The Hawking temperature of the black hole is associated with the
surface gravity κ, which is,
T =
κ
2pi
=
f ′(r)
4pi
∣∣∣∣
r=r+
= −α − 8piPr
4
+ +Q
2 − r2+
4pir3+ + 8piαr+
. (8)
The first law of black hole can be written, considering the GB coupling parameter α to be
a thermodynamic variable [63, 64], as,
dM = TdS + V dP + ΦdQ+Adα (9)
where the potentials Φ and A are conjugate to Q and α, respectively. Likewise, the ther-
modynamic volume V is a conjugate to pressure P ,
V =
(
∂M
∂P
)
S,Q,α
=
4
3
pir3+. (10)
The entropy of the black hole can be obtained as follows,
S =
∫ r+
0
1
T
dM =
A
4
+ 2piα ln
(
A
A0
)
, (11)
where A = 4pir2+ is the horizon area and A0 is the integration constant, which has the
dimension of [length]2. It is clear that the Gauss Bonnet coupling parameter α modifies the
Bekenstein-Hawking entropy-area law. In general, the black hole entropy is independent of
the charge Q and cosmological constant Λ, therefore, the integration constant can be set as
A0 = 4pi|α| [21]. With this identification, the entropy reads,
S = pir2+ + 4piα ln
(
r+√|α|
)
. (12)
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We emphasise that the black hole entropy has a logarithmic correction, whereas, the ther-
modynamic volume remains same as the geometric volume. Before concluding the thermo-
dynamics of the black hole, we also mention that, the variables presented above satisfy the
Smarr relation in addition to the first law,
M = 2TS + ΦQ− 2PV + 2αA. (13)
III. PHASE TRANSITION OF 4D GAUSS BONNET ADS BLACK HOLE
The phase transition of the 4D Gauss-Bonnet black hole has been well studied by the
authors [44]. Here we recall them to analyse the phase structure using the coexistence and
spinodal curves. The state equation of the system is obtained by inverting the expression
for Hawking temperature,
P =
Q2
8pir4+
+
α
8pir4+
+
αT
r3+
− 1
8pir2+
+
T
2r+
. (14)
In terms of volume we have,
P =
(6pi)2/3(α +Q2)
18pi1/3V 4/3
+
4piαT
3V
+
pi1/3T
6V 1/3
− 1
2× 62/3pi1/3V 2/3 . (15)
The critical behaviour of the black hole can be easily seen in the P − V isotherms, where
a first order phase transition exists between a small black hole phase (SBH) and a large
black hole phase (LBH). This phase transition property is exhibited by both the charged
and neutral black holes. The critical point of the phase transitions is determined by using
the condition, (
∂P
∂V
)
T,Q,α
=
(
∂2P
∂V 2
)
T,Q,α
= 0. (16)
The critical values of the thermodynamic variables are [44],
Tc =
(8α + 3Q2 − ρ)
√
6α+ 3Q2 + ρ
48piα2
; (17)
Pc =
9α+ 6Q2 + ρ
24pi (6α+ 3Q2 + ρ)2
; (18)
Vc =
4
3
pi
(
6α+ 3Q2 + ρ
)3/2
; (19)
where ρ =
√
48α2 + 9Q4 + 48αQ2. Making use of these quantities we define the reduced
thermodynamic variables,
T˜ =
T
Tc
P˜ =
P
Pc
V˜ =
V
Vc
. (20)
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Figure 1: The coexistence curve (red solid line) and Spinodal curve (blue dashed line) in P˜ − T˜
and T˜ − V˜ plane. The black dot at (1, 1) denotes the critical point.
By observing the phase structure, we can have a better understanding of the phase transition.
In the extended phase space, the black hole mass plays the role of enthalpy, which is evident
from the first law (9). With this understanding, the Gibbs free energy of the black hole is
calculated to be G = M − TS, which reads,
G =
4
3
piPr3+ +
Q2
2r+
− T
[
pir2+ + 4piα log
(
r+√
α
)]
+
α
2r+
+
r+
2
. (21)
Here r+ is regarded as a function of (P, T ) from equation of state. We obtain the coexistence
curve in the P˜ − T˜ plane, by using the swallow tail behaviour of the Gibbs free energy. The
coexistence expression is also translated into T˜ − V˜ plane. The results are shown in fig.
1. In the P˜ − T˜ plane, the coexistence line (red solid line) partitions the SBH and LBH
phases below the critical point. It terminates at the second order phase transition point,
above which the phase is supercritical. The figures also display the metastable curves (blue
dashed lines) which satisfy,
(∂V P )T = 0, (∂V T )P = 0. (22)
The region between the coexistence curve and metastable curve are the metastable phases,
namely, superheated SBH and supercooled LBH phases. In the T˜−V˜ plane the region under
the metastable curve corresponds to the coexistence phase of SBH and LBH.
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IV. GEODESIC EQUATIONS OF MOTION
In this section we establish the relationship between the thermodynamics and the null
geodesics. Consider a photon which is orbiting the black hole freely on the equatorial plane
described by θ = pi/2. The Lagrangian which characterises this motion can be directly
written from the metric (5),
2L = −f(r)t˙2 + r˙
2
f(r)
+ r2φ˙2. (23)
Here, the dots represent the differentiation with respect to an affine parameter. The 4D
Gauss-Bonnet AdS black hole spacetime has two Killing fields, ∂t and ∂φ, which leads to two
constants of motion, E and L, which are the conserved quantities, the energy and orbital
angular momentum of the photon, respectively. The generalised momenta corresponding to
the Lagrangian (23) can be obtained by using pa = gabx˙
b as,
pt = −f(r)t˙ ≡ E (24)
pφ = r
2φ˙ ≡ L (25)
pr = r˙/f(r). (26)
The t and r motion of the photon can now be described as,
t˙ =
E
f(r)
(27)
φ˙ =
L
r2 sin2 θ
. (28)
The Hamiltonian for the system is obtained from the standard definition, and it vanishes,
2H = −Et˙ + Lφ˙+ r˙2/f(r) = 0. (29)
Employing r and φ motion, we can rewrite the expression for the radial r motion as,
r˙2 + Veff = 0, (30)
with the effective potential given by,
Veff =
L2
r2
f(r)− E2. (31)
The photon can only move in the region where Veff < 0, since r˙
2 > 0. A photon approaching
the black hole will be absorbed if it has a smaller angular momentum L and get scattered
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if the angular momentum is large enough. The absorption and scattering are separated by
a critical angular momentum, which defines a unstable circular photon orbit. Expressions
governing this orbit are,
Veff = 0 , V
′
eff = 0 , V
′′
eff < 0, (32)
where prime denotes a differentiation with respect to r. The radial velocity r˙ of the photon
is zero in this unstable circular orbit. The corresponding value of r is the radius of photon
orbit. Expanding the second equation in (32) we have,
2f(rps)− rps∂rf(rps) = 0. (33)
Substituting the metric function (6) into this equation and solving, we obtain the expression
for the radius of photon sphere rps, which is a complicated expression and a function of black
hole parameters (M,Q, P, α). Solving the first equation in (32), (Veff = 0), we obtain the
minimum impact parameter of the photon as,
ups =
Lc
E
=
r√
f(r)
∣∣∣∣∣
rps
. (34)
To investigate the correlation between the photon sphere and the black hole phase transition,
we observe the behaviour of the radius rps and minimum impact parameter ups with respect
to the Hawking temperature and pressure, in the reduced parameter space. Apparently this
investigation is motivated by the observations in the phenomena of black hole lensing, where
the impact parameter u has a close connection with the deflection angle. The deflection
angle is small for a large impact parameter. Yet, in the limit u → ups, the deflection angle
is unbounded [65].
In fig. 2, the Hawking temperature T is shown as a function of the photon orbit radius
rps and minimum impact parameter ups, separately, with fixed pressures. The isobars in
this figure imply the typical van der Waals like phase transition. For pressures below the
critical value, the isobars first increase, then decrease, and finally increase with respect to
the photon sphere radius rps and minimum impact parameter ups. In fig. 3 the pressure P
is seen as function of rps, first, and then of ups, keeping the temperature as a constant. The
behaviour of pressure here (fig. 3) is opposite to that of temperature (fig. 2). For example,
when temperature T˜ increases with rps or ups, the pressure P˜ decreases. In summary,
from the behaviour of the photon orbit radius and minimum impact parameter along the
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Figure 2: The behaviour of photon sphere radius and minimum impact parameter of unstable null
geodesic with Hawking temperature in reduced parameter space. We take Q = 1 and α = 0.5
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Figure 3: The behaviour of photon sphere radius and minimum impact parameter of unstable null
geodesic with pressure in reduced parameter space. We take Q = 1 and α = 0.5
isothermal and isobaric curves of 4D Gauss-Bonnet AdS black hole, the van der Waals like
phase transition can be clearly identified. This affirms that there exists a correlation between
null geodesics and phase transition of the black hole.
V. CRITICAL BEHAVIOUR OF THE PHOTON SPHERE
The black hole exhibits a first order vdW like phase transition which terminates at the
critical point, which corresponds to second order phase transition. As we have seen, there
is a connection between the photon sphere and phase transition, it is worth examining
the behaviour of change in photon orbit and minimum impact parameter during the phase
10
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Figure 4: The variation of the radius of photon sphere and the minimum impact parameter, for
unstable null geodesic, with respect to the Hawking temperature (in reduced parameter space).
The SBH (blue dashed line) and LBH (red solid line) meet at the critical point (T˜ = 1).
0.2 0.4 0.6 0.8 1.0
0
10
20
30
40
50
T

Δ
r
p
s
0.990 0.992 0.994 0.996 0.998 1.000
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
(a)
0.2 0.4 0.6 0.8 1.0
0
5
10
15
20
T

Δ
u
p
s
0.990 0.992 0.994 0.996 0.998 1.000
0.00
0.05
0.10
0.15
0.20
0.25
(b)
Figure 5: The change in photon sphere radius and minimum impact parameter of unstable null
geodesic during the phase transition of the black hole. The concavity of the curve changes near
the critical point, which is shown in an enlarged form in inlets.
transition. We construct the equal area law for the T˜− r˜ps and T˜ − u˜ps isobars, similar to the
isobars in the T˜ − S˜ plane of the black hole. From the result, we study the behaviour of the
photon orbit radius rps along the coexistence curve (Fig. 4). As the temperature increases,
the radius rps for the coexistence LBH phase decreases, whereas for the coexistence SBH
phase it increases. The rps of both coexistence phases attain same value at the critical point
T˜ = 1. Same behaviour is observed for the minimum impact parameter ups. In fig 5 we
display the differences of the quantities rps and ups with the phase transition temperature.
Both ∆rps and ∆ups behaves acutely like the order parameter. They have non-zero value
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corresponding to first-order phase transition and vanish at the second-order phase transition.
The behaviour in the neighbourhood of critical point is shown in the inlets. Near the critical
point a change in concavity is observed. We numerically obtain the critical exponent of
these differences near the critical point to be,
∆r˜ps = 3.57249(1− T˜ )0.510839 (35)
and
∆u˜ps = 2.54786(1− T˜ )0.506096. (36)
This behaviour, i.e. ∆r˜ps ∼ (1 − T˜ )1/2 and ∆u˜ps ∼ (1 − T˜ )1/2, show that ∆r˜ps and ∆u˜ps
can serve as the order parameters to characterise the black hole phase transition. These
results strongly confirm our previous assertion that photon orbits and thermodynamic phase
transitions are related to each other.
VI. CONCLUDING REMARKS
In this article we show that the unstable circular photon orbit around the four dimensional
Gauss-Bonnet AdS black hole reflects the phase transition information of the black hole. The
radius of the photon orbit rps and the minimum impact parameter ups are studied in detail.
The study establishes a link between the gravity and thermodynamics in the background of
Gauss-Bonnet AdS strong gravity.
In the first part of the article we presented the thermodynamics and phase transition
of the black hole. The phase structure of the black hole is analysed using the coexistence
curve and the metastable curves. These curves are the boundaries that separates different
stable and metastable phases of the black holes, using which a clear understanding of phase
transition features are obtained. The first-order and second order phase transition details
are sought in this study, which are influenced by the Gauss-Bonnet coupling parameter α.
Throughout our study we keep in mind that, the extended phase space thermodynamics
features are same for both the charged and neutral Gauss-Bonnet AdS black holes, as it was
reported in our previous work [44].
In the second part of the article, using the Lagrangian of a photon moving freely in the
equatorial plane of the black hole we investigated the null geodesics. Using the effective
potential, we solve the photon orbit radius rps and the minimum impact parameter ups for
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the 4D Gauss-Bonnet AdS black hole. These two key quantities depend on the black hole
parameters, especially the charge Q and Gauss-Bonnet coupling parameter α. To establish
the relationship between the photon sphere and black hole phase transition we study the
behaviour of rps and ups along the isobar and the isotherms of the system. The first order
phase transition is revealed from these plots. When the pressure or temperature is below
the critical value there exists two extreme values for rps and ups, which coincide to form one
extreme point for the critical values of pressure or temperature. Above the critical value of
pressure or temperature the rps and ups do not exhibit any extremum. Thus they increase
monotonically. This behaviour of the photon orbit isobar and isotherm are consistent with
that of the black hole thermodynamics. Finally we probe the behaviour of rps and ups along
the coexistence curve. The two coexistence branches, namely, small black hole and large
black hole, have different rps and ups values. Their differences ∆rps and ∆ups serve as order
parameters for the black hole phase transition. They vanish near the critical point, which
corresponds to the second order phase transition. In the neighbourhood of this critical point,
∆rps and ∆ups have a critical exponent of 1/2, which is obtained numerically. Our results
show that in the background of Einstein-Maxwell-Gauss-Bonnet AdS spacetime, the black
hole thermodynamics can be probed via the strong gravity effects and vice versa.
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